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1. INTRODUCTION

The paper is devoted to Remez-type inequalities on bounded sets in
weighted spaces and their applications in approximation theory.

Weighted inequalities for polynomials have received much attention
since the 1950s. It was Dzyadyk [15, 16, 47] who showed that such
inequalities for the Timan weight (\/1 —x*>+n~!)* played an important
role in inverse theorems of approximation theory. In the 1950s-1970s
Lebed, Potapov, Daugavet, Rafalson, Konyagin, and others developed the
Markov—Nikolskii inequalities for polynomials in one and several variables
in the L,-spaces, equipped with some special weighted measures. For all
this, see [ 11-14, 33]. A Nikolskii-type inequality for a general weight and
multivariate polynomials was established by the author [23]. For the past
15 years considerable attention has been devoted to the Bernstein—-Markov
and Nikolskii inequalities for the exponential weights on an interval or the
real axis (see [ 35, 36, 44] for discussions and references).

In the 1970s the author [ 21, 22] developed a new approach to Nikolskii-
type inequalities in rearrangement-invariant spaces based on Remez-type
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nequalities. We discussed these estimates, their generalizations and applica-
tions to some problems of Analysis in part I of this paper [ 24 ]. However,
the weighted analogues of these results are unknown.

In this part we extend the Remez inequalities to a general weighted
measure on a bounded set and discuss their applications to Nikolskii-type
inequalities and local approximation.

The paper is organized as follows: Section 2 contains Remez-type inequalities
for algebraic and trigonometric polynomials on bounded sets equipped
with a weighted measure u. In particular, we prove weighted estimates for
multivariate polynomials (Theorem 2.1(a), Corollaries 2.1 and 2.2) and
show that the corresponding constant in Theorem 2.1(a) is sharp on the
class of all convex bodies (Theorem 2.2(b)). We also establish the homo-
geneous inequality for algebraic polynomials P of degree n and a measurable
subset E of a convex body V of the form ||P| ¢y < C(uV/UE)" | Pl ccxys
provided u satisfies a special condition (Theorem 2.2(a)). It is shown that
for certain classes of weights, the condition is necessary (Theorem 2.2(b)).
The Remez-type inequalities for trigonometric polynomials (Theorem 2.3)
and estimates of u-rearrangements (Corollaries 2.3, 2.4, and 2.5) are also
presented.

In Section 3 we obtain the Nikolskii- and Schur-type inequalities in
weighted rearrangement-invariant spaces for algebraic and trigonometric
polynomials (Theorems 3.1 and 3.2, Corollaries 3.1, 3.2, 3.3, 3.4, 3.5, and 3.6).

Section 4 is devoted to some applications of the homogeneous inequality
of the Nikolskii type (Corollary 3.3) in approximation theory. We remark
that the problems of obtaining the homogeneous inequalities for polynomials
and their applications to local approximation have been communicated to
the author by Yu. A. Brudnyi in the early 1970s.

In Section 5 we apply the general estimates, established in Sections 2 and 3, to
the following particular weights: a generalized Jacobi weight [T*_, |x — x;|%,
a Jacobi weight (1 —x)* (1 — x)#, an exponential weight x* exp( — x ~*), and
a generalized Gegenbauer-Timan weight (p(x, I')* (p(x, I') +n~=2™)%,
where " is an s-dimensional surface in R™.

Notation and definitions. We use the following notation.

Let R” be the m-dimensional Euclidean space; B,(y):={xeR™:
|x — y| <r} an m-dimensional ball in R™ of radius r centered at y; Q(y) =
O(y):={xeR™: |x;—y;)|<r/2,1<i<m} a cube in R” with the edge
length r; p(x, E) :=inf,_z [x — y| the distance from x e R™ to a set ESR™;
p(Q, E) :=inf, 4 p(x, E), the distance between sets Q and E in R™; |E|,
k-dimensional Lebesgue measure of an L-measurable set E<R™, 1 <k <m;
x g the characteristic function of £ < R™.

Let #, ,, be the class of all algebraic polynomials in m variables with real
coefficients of degree n; 7, the class of all trigonometric polynomials of a
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single variable of degree n with real coefficients. We also make use of the
Chebyshev polynomial

T, (t):=(12)(t+ /2= 1)"+ (r— /> = 1)")

of degree n.

Throughout the paper W denotes an integrable weight defined on a
set Q<R™ with the property: |[{xeQ: W(x)=0}|, =0. The weighted
measure x4 of a Lebesgue-measurable (L-measurable) set E < Q is defined
by pE= |z W(x) dx.

Further, let C(£2) be the real space of all real valued continuous func-
tions f on Q<R™ with the norm |f| @) :=supyce [f(x)], and let
L, w(2), 0<p<oo, be the space of all L-measurable functions f on
Q<R"™ such that | £, ) = /ol /(x)]” W(x) dx)V? < oo if 0<p< o0,
and L, »(Q):=C(2). Set L,(2):=L,(2),0<p< 0.

Throughout the paper C, C,, C,, ... denote positive constants independent
of variables n, x,t,u, 7, set E, functions and polynomials f, P, T, and
occasionally also independent of sets J and Q. The same symbol does not
necessarily denote the same constant in different occurrences.

Next, we define rearrangements of functions and rearrangement-invariant
spaces (see [9, 15, 30]). We consider L-measurable functions f defined on
the set 2 = R™, equipped with the weighted measure pu.

For each L-measurable f on the bounded set 2 <R™ we define its
increasing p-rearrangement f o: [0, u2]— [0, 0] by [ o(t) :=f¥(1) :=
sup {t=0: E, <t}, where E,:=pu{xeQ:|f(x)| <t}|. If u is the Lebesgue
measure, then the corresponding rearrangement is denoted by f%= f*.
Similarly, for each L-measurable f on Q = R™ we define its decreasing
u-rearrangement by f, o(?):=inf{t>0:1 <t}, where I :=u{xeQ:
/()] > 7.

Let p=¢(-, 2, W):[0,u2] — [0, |2],,] be the inverse of the function

:g::_y Wi(t)dr, ye[0,|2],,].

We say that a linear real space F(£) of L-measurable functions, defined
on 2 = R™, is a weighted rearrangement-invariant (WRI) space if there is a
nonnegative functional || 5o, on F(£2) with the properties:

(i) [Ifl 7@y =0 if and only if /=0,

(i) lef 1l ey = Iclll /1l ra) for a scalar c,
(ii) if ge F(Q) and f¥(1) <gX(t) for all 1[0, uf2), then feF(Q)
and HfHF(Q)< HgHF(Q)'

The fundamental function of F(£2) is defined by yz(?) := [|x £l @), Where
EcQand uE=1t, 0 <t <uQ.
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Let 2 be a bounded set and w: Q — [0, u2] a pu-measure preserving
transformation which is one-to-one and onto. Then each WRI space F(£2)
generates the WRI space F(0, uQ) := {h=flw-): fe F(.Q~)} with (22| 7o, u0)
=|how | po and Y=, It is known that [} e F(0, uQ) for each
feF(Q) and the following generalization of the Steffensen inequality [2]
holds

HfHF(E) = HfXE”F(Q)> ”f,fXEHF(o,ﬂg) = Hf,f HF((),,;E)- (1.1)

If F(2) is a normed WRI (NWRI) space, that is |||z, satisfies the
triangle inequality, then [9, 30]

(1/2) Y (1) < p() <P (1) (1.2)

for all >0, where . is the least concave majorant of V.

It is easy to see that L, ,(£2), 0<p <1, are WRI spaces, while C(£),
L, »(2),1<p< oo, and the weighted Orlicz, Lorentz, and Marcinkiewicz
spaces are NWRI.

2. REMEZ-TYPE INEQUALITIES FOR WEIGHTED MEASURES

2.1. Algebraic Polynomials

A convex hull of a vertex x, e R” and a convex (m — 1)-dimensional
body B,,_; (the base), x, ¢ B,,_;, is called the bounded convex cone
(BCC). The set of all BCC in R™ is denoted by 7.

Following is a weighted Remez-type inequality for algebraic polynomials
in m variables.

Tueorem 2.1. (a) For a polynomial Pe 2%, ,,, a convex body V —R™
and an L-measurable set E€V, |E|,,>0,

L+ Bl o(1E) ok V>>> .
IPley < T, (222l Py, e
where
Bo(t)=(1—1)"m. (2.2)

(b) Equality in (2.1) holds for all uEe€ (0, uV), if and only if Ve X,
W(x)=g((c,x—xy)), E is a layer adjacent to the base of the BCC, and
P(x)=AT, (2(h—1t)/d—1), AeR'. Here V is the BCC with a vertex x, € R™,
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and a base lying in the plane (¢, x —xy) —h=0, c=(cy, ..., ¢,y,) ER™, || =1,
h>0; g a nondecreasing function of a single variable on [0, h]; d width of the
layer E; and t a coordinate on the segment {xeR™ : x —xo=1tc, 0<t<h}.

It was Remez [42] who in 1936 initiated the study of polynomial
inequalities on measurable sets by proving Theorem 2.1 for m=1, and
W(x)=1. Various generalizations of Remez’s inequalities and applications
in analysis have received much attention since the 1970’s. For all this, see
[3, 6,7, 19, 22, 24, 34, 37]. In particular, Brudnyi and the author [6, 7]
established m-dimensional inequality (2.1) for the nonweighted case (that is
@(uE)=|E|,,). Theorem 2(b) for m>1 and W(x) =1, was obtained by the
author [7].

Proof of Theorem 2.1. We first prove statement (a). We shall derive
inequality (2.1) from the nonweighted version of (2.1) (see [6, 7]),

1+ B,(El/| Vlm)> 1P
1= B Elm/IV]m) o

where f,, is defined by (2.2). Indeed, ¢ is strictly increasing on [0, |V],,].
Hence

1Pl ey < Tn< (23)

14

|El,, e g, WH(2) dr) - (| x W(z) dr) _ @(UE)
Wl puV) T oewV)  euV)

Thus (2.3) and (2.4) yield (2.1).

(2.4)

The proof of statement (b) consists of 5 steps.

Step 1. We first prove sufficiency of statement (b). Let W, V, E, and P
satisfy the conditions of statement (b). Then it is easy to verify that

(g™
f WH(t)dr=  sup j W(x)dx:j W(x) dx = uE.
[Vl — | El,y, Qcv,|el,=|El, "2 E

Hence |E|,,/| V], = @(LE)/@(uV). Finally,

1+ B,,(1El,./| V|m)> 1P

1= B,.(1EL./1 V1) “m

_ 1+ Bl @(uE)/@p(uV))
‘nﬁ—mmmmwmm>wm”

Step 2. Next, we shall show that necessity of statement (b) can be
reduced to the nonweighted case.

|m%n=n<
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Let ¥V be a convex body in R™, and W a weight such that for some
e (0, uV) there exist an L-measurable set Ec V, uE=u, a point x, €V,
and a polynomial Pe %, ,,, satisfying the equality

1+ B,.(p(u)/o(uV))
1 —B,(p(u)/o(uV))

Then taking account of monotonicity of 7,(¢) for t>1, we obtain from
(2.3), (2.4), and (2.5) that

|E],, = (1), (2.6)

L+ Bl lELn/ 1 V]m)
L= BollELn /I V1)

[P(x0)| =T, < > HPHC(E)- (2.5)

|[P(x0)| =T, < > HPHC(E)~ (2.7)

Step 3. Let r=p(0)=p(0,, .., 0,,) be the equation for the boundary of
V in a spherical coordinate system with center x,. Let us examine the set
E' which in the coordinates (r, 8) is defined by p,.(|E|,./|V].) p(0)<r
< p(0). Note first that the restriction of P to a ray / emanating from X,
belongs to %, ;. Hence (2.7) and Remez’s theorem [ 3, p.228] imply

essinf [V Il [IEA T, 2 (1= Bu(|El /| V)~ (2.8)

On the other hand, the following inequality holds [6, Lemma 3]:

essinf [Vl /JEO 1 < (1= Bl ELn/IV]) ™" (29)

Then (2.8) and (2.9) imply

essinf |V Al IEAI], =essinf |V Al E Al = (1= B, (1E]/ I V],)) "L
1 1
(2.10)

Taking account of the relation |E|,,=|E’|,,, we obtain from (2.10) that

m>

|EAE'|,,=0. (2.11)

| m
Step 4. Next, we shall show that Ve #". Without loss of generality we
may assume that x, € V coincides with the origin. Then taking into account
the extremal properties of the Chebyshev polynomial [3, p.235], we
obtain from (2.7) and (2.11) that P coincides with the following function

G =T —
= L B E VT 1= EL/ V1)
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for all x e V, where M, is the Minkovsky functional of V. Remind that for
x that belongs to a ray / traced from the origin, M ,(x) :=|x|/|V nl|, (the
equivalent definition is given in [43]).

Next we note that G coincides with a polynomial from Z, ,, for all xe V'
if and only if M(x)=(b, x) for some beR™. Indeed, if G|, €%, ,, then
homogeneity of M, implies that for every 7€(0, 1) and any xe V,

G(tx) = i a, T8 (M, (x))k = i o, TFP(x), (2.12)
k=0

k=0

where a,, a,, 0 <k <n, are real numbers,

_ 2 : 1+ﬂm(|E|m/|V|m)> 0
TR E LV, T"<1—/3m(|E|m/|V|m) -

and P, are homogeneous polynomials of degree k, 0 <k <n. In particular,
(2.12) shows that M, (x)=CP,(x), xeV. Hence M, (x)=(b,x) for
some b e R"™.

Thus Ve # since Ve with the vertex at the origin if and only if M
is a homogeneous polynomial of degree 1.

Step 5. Thus we proved that if V, W, E, and P satisfy (2.5) for some
u=uEe(0,1|V],,), then Ve . Moreover, (2.11) implies that E coincides
with a layer adjacent to the base of the BCC and P(x)= AT, (2(h—1t)/d—1).

It remains to show that if (2.5) holds for all uE, 0 <uE <uV, then
W(x)=g((c, x—x,)), where g is a nondecreasing function of a single
variable on [0, /#]. Indeed, it follows from (2.6) that

sup L} Wi(x)dx= Jmm W*(t) de :J Wi(x) dx

Qcv,|2l|,=IEl, V1= El, E

for every layer E adjacent to the base of V. This yields W(x)= W*(|E|,,)
for almost all x from the set V'n {xeR™: (¢, x —xo) =h—d}, where h is
height of the BCC V and d width of E, 0 <d<h. Hence W(x)=g(h—d),
and g(h—d,) = g(h—d,) for d, < d,. It completes the proof of statement (b).

Remark 2.1. 1In the proof of Theorem 2.1(b) we used some ideas from
[7, Theorem 2].

Following is a special case of Theorem 2.1 for m=1.
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CoOROLLARY 2.1. For Pe%, and ESV=[a,b], |E|,>0,

200h) )
Plows <T) [ 2292 1) 1PY e 2.13
IPlaan <7, (22 1) IPlas .13)

Equality in (2 13) for uE=pu, 0 <pu <uV holds if and only if E=[a, a+ ¢(u)],
P(x)=AT (Xx=a)_ 1), and weight W is nonincreasing on [a,b], or E=

()
[b—p(u),b], q;’/( )= AT, (2= _ 1), and W is nondecreasing on [a, b], A R".

Theorem 2.1 allows the following estimates.

97(/1)

COROLLARY 2.2. (a) For PeZ, ,, and ECV, |E|, >0,
1Pl ey < (Crop(uV)/@(E))" | P c(r)- (2.14)
(b) For Pe?,,, and ESV, 1 -2""< p(uE)/p(uV) <1,
1Pl ey < exp(Can(l — @(UE) /(1 V) 2") | Pl crys (2.15)
where Cy <4m and C,<4.

Proof. 1Tt is easy to show that

n ()0 (Cee) +(Fae) ) oss

Hence
1+ B,.(1) (1 =)@\ f4m\"
T <1—ﬁm(t)> (1—(1 )1/(2’”)> <<z>’ O<t<l,
+ Bumlt) 2(1—1)/em \~ 2n(1 — ) 1em
. <1—ﬂm(t)> <1+1—(1—z)1/<2'">> Sexp <1_(1_,)1/<2m)>

<exp(dn(l—p)/emy, 1272,

Together with (2.1) this yields (2.14) and (2.15). |}

Remark 2.2. Analogues of inequalities (2.13), (2.14), and (2.15) are also
valid for generalized polynomials f(z)=|C| [1%_, |z—z;|%, z;€C, a;>0,
1<i<k of degree N=3Y%_, «;, if we use (2.4) and a Remez-type inequality
for £ [3, p.393]:

1/ et 5y < (/ (B —a@)|El; +/(b—a)/|El, — D || f | ey »
Ec[a,b], |E|,>0. (2.16)
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The following corollary shows that inequalities (2.1) and (2.15) are
equivalent to certain estimates of u-rearrangements. The corresponding
nonweighted results were obtained in [6, 7, 22, 24].

COROLLARY 2.3. (a) Theorem?2.1(a) is equivalent to the following
statement: for every Pe 2, , and every te (0, uV],

L+ Bl ()0l )\
1—/3m(<ﬂ(l)/(p(uV))>> 1Pl ev)-

(b) Corollary 2.2(b) is equivalent to the statement: for every Pe %,
and every te (0, uV7] such that 1 =27 < o(t)/p(uV) <1,

Pi(1) = exp( —4n(1 — p(UE)/p(uV)'*™) | P c(v- (2.18)

Proof. Let Pe%, , and let (2.1) hold for every E< V. Then uE,=t for
te(0,uV] and a set E,:={xeV:|P(x)|<P}¥)}. Hence (2.17) follows
from (2.1). Conversely, if PeZ, ,, and (2.17) holds for every te(0,uV],
then for every Ec V and E' = {xe V: |P(x)| < |P| ¢} We have uE <uFE'
and ||Pll¢g = I1Pllcey= PE(uE’). Now (2.1) follows from (2.17). This
establishes statement (a) of the corollary. Similarly statement (b). ||

P;f(t)><Tn< (2.17)

Remark 2.3. Tt easy to verify that for any bounded and measurable sets
E and Q, ES Q <R"™, we have |E|,,/|2|,, = ¢(LE)/p(uV) (cf. (2.4)). Hence
the following general form of Theorem 2.1 is valid: if for every Pe 2%, ,,,

1Pl ey < PUEL/N V) 1P| ey (2.19)
where ¥ is nonincreasing on (0, 1], then

HPHC(Q) S VY(Q(UE)/p(uV)) HPHC(E)' (2.20)

Moreover, (2.20) implies (see the proof of Corollary 2.3)
PO = (Vo) ouV) " IPlog), — 0<t<uV. (2.21)

In particular, it is possible to refine inequalities (2.15) and (2.18) for bounded
domains 2 = R™ with C?-boundaries:

1P ciy < exp(Cn(1 — p(uE)/p(u)) /D) | Pl ¢z
C<o(uE)/pu) <1,
PX(t) = exp( — Cn(1 —p(0)/@(u))" " * D) | P cq),
C<o(t)/ou2)<1.

(2.22)
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To prove these relations, we note that (2.19) holds for such domains with
P(y)=exp(Cn(1 — y)"+D) (see [31]). It remains to apply (2.20) and (2.21).

It is also possible to extend (2.15) and (2.18) to a bounded domain
Q < R™ satisfying the cone property [ 1, p. 66]. Indeed, it is easy to show
[24, 31] that (2.19) holds for such a domain and the corresponding Y.
Then (2.20) and (2.21) yield the corresponding estimates.

2.2. A Homogeneous Inequalitiy for Algebraic Polynomials

A constant in the nonweighted version of (2.14) || P|| ¢y < (4m |V],,/|El,)"
[Pl ¢y depends only on n, m, and |V],,/|E|,,. Such a homogeneity of the
constant for fixed » and M plays an important role in some applications
[5, 20, 32, 39, 40].

Below we define a condition on a weight ¥ that guarantees the validity
of the homogeneous weighted inequality

HPHC‘(V) <(CuVjuE)" HPHC(E) (2.23)

for every Pe %, ,, and all measurable E and convex V, such that |E|,,>0
and Ec V= Q, where 2 is a fixed domain in R”. We also show that in the
one-dimensional case the condition is necessary for continuous monotone
weights.

DerFINITION 2.1, We say that W satisfies the 4 ,,-condition on € if there
exists a number M = M(W, 2)e (0, 1) such that

Co=Co(M, W, Q) := sup WE(|V],,)/Wi(M|V],)<o0. (224)

VeQ

Let 7 be a family of convex bodies V< Q.

DerFINITION 2.2. We say that W satisfies the 4,,(n)-condition on Q if
there exists M (0, 1) such that

Co(m) =sup Wi (| V],,)/ WM |V],,) < 0.

Ven

THEOREM 2.2. (a) If W satisfies the A,,-condition on Q, then for a
polynomial Pe 2, ,,,, a convex body V=, and an L-measurable set ES V,
|E|,, >0, inequality (2.23) holds with 1 < C3<(1 — M)~ C,.

(b) If W satisfies the Ay/(r)-condition on L, then for every Pe %, .,
Ven, and ESV, |E|,,>0, (2.23) holds.
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(c) If W is a nondecreasing (or nonincreasing) continuous weight on
Q=[4, B], and (2.23) holds for C3> 1, every Pe %, ,, and all sets ESV <
[A4, B, |E|, >0, then W satisfies the A y,-condition on Q, with M =1 — (4C;) ™!
and Cy<4C;—1.

Proof. (a) We note first that the relations

(g™
HE=| Wi(c) de < p(uE) WH(|V,).

[V — @(ME)

V1 [V
wv=[ "W dez [ W) de= (1= M) V) WHMIV],,)
0

MV,
imply the estimates

p(ul) 1 WE(Vl,) uV ) 4
<(1—M —— < (1 -M C,—. 2.25
ol S M G a iy ig S M Cope BB

Thus (2.14) and (2.25) yield (2.23).
Statement (b) can be proved similarly.

(c) Without loss of generality we assume that 1 is nondecreasing on
(A, B). Then W%(7)=W(a— A+ 1) for any interval V=[a,b] <= (4, B).
Next, choosing for a fixed ue(0,uV], E=[a,b—¢@(u)] and P(x)=
T,(2(b—x)/p(n)— 1), we obtain from Corollary 2.1

1Pl ca, 5y = Tu(20(uV) /(1) = 1) |1 Pl ey = (0 V)20(1))" |1 Pl ¢y -
(2.26)

It follows from (2.23) and (2.26) that for all intervals [a, b] <[ A, B] and
all ye(0,b—a],

§3*“ Wi, »(17) dt - b—a
boa WE (t)dt T 2C,y°

b—a—y

(2.27)

Letting y — 0 in (2.27) and setting M =1 —(4C5) !, we have
(2C3) " (b—a) Wi, p(b—a)

b—a M(b—a) b—a
<[ W d=| +|
0 0

M(b—a)

SM(b—a) Wi, p1(M(b—a))+ (1 —=M)(b—a) Wi, »1(b—a).
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This yields

Co= sup Wie s1(b—a)/Wia 51 (M(b—a)) <4C;—1.

[a,b1<(4, B)
Thus W satisfies the 4,,-condition on (A4, B) for M =1—(4C;)~" and
Co<4C;—1. |

COROLLARY 2.4. If W satisfies the A ,,r)-condition on Q = R™, then for
a polynomial Pe %, ,, and a convex body Ve,

P ()= (t/(Cau V)" [Pl covy, (2.28)
where C3< (1 — M)~ Cy(n).
The implication (2.23) = (2.28) can be proved similarly to Corollary 2.3.

Remark 2.4. 1t is easy to see that if W is nondecreasing on (4, B), then
condition (2.24) is equivalent to Cy=SUp, .4 5y ccf0, 58— 4] Wia (@ —A+7)/
Wiasila—A+ Mrt) < oo,

2.3. Trigonometric Polynomials

Following is a weighted Remez-type inequality for trigonometric polyno-
mials of a single variable.

THEOREM 2.3. For a polynomial TeJ, and an L-measurable set
E<(0,2n], the following inequalities hold,

17| €0, 20) S (C4/€9(/1E))2n 77l C(E)> (2.29)

TN ¢, 2m) < exp(Csn(2m — p(uE))) 1Tl iy, @(uE)>3m/2,  (2.30)

where C, and Cs are absolute constants.

For W(x)=1 (that is @(uE=|E|;) inequality (2.29) with C, <87 was
established by Nazarov [41], while (2.30) was proved by Erdelyi [17].
More precise estimates for the constants in the nonweighted inequalities
(C4<17 and C5<2) were obtained in [24].

Proof of Theorem 2.3. A function ¢ is strictly increasing on [0, 27 ].
Hence

E|,=¢ <Lz_ " W (1) dr> >0 <j W(x) dx> =p(uE). (231)

E

Now (2.29) and (2.30) follow from (2.31) and the corresponding non-
weighted inequalities [17, 24, 41]. |



WEIGHTED POLYNOMIAL INEQUALITIES 89

COROLLARY 2.5. For Te 9, and every te (0, u(0, 27)],

T;f(t) = Czt_l(@(t))zn HT”C(O,Zn)a

(2.32)
T(t) = exp(— Csn(2rm — @(0))I T c(o, 205 @(t) =3n/2,

where C, and Cs are constants in (2.29) and (2.30).

The proof of the corollary is similar to that of Corollary 2.3 if we use
Theorem 2.3 instead of Theorem 2.1.

3. NIKOLSKII- AND SCHUR-TYPE INEQUALITIES IN
WEIGHTED SPACES

3.1. Algebraic Polynomials
We present first a Remez—Nikolskii-type inequality in WRI spaces.

THEOREM 3.1. Let V< R™ be a convex body and let F(V) be a WRI
space. Then

(a) for a polynomial Pe %, ,,, an L-measurable set E<V, |E|,, >0,
and any o€ (0,17,

1Pl ey < (W (auE)) " T, <1 + Bl @((1 — o) UE)/p(uV'))

L= fnulo((1 =) uE)/p(uV))

(b) for Pe?, ., ESV, |E|,,>0, 1 =2"2"<p(uE)/puV)<1 and
any o€ (0, 1],

) 1Pl rey (3.1)

1Pl ey < (W p(aE)) ~" exp(4n(1 — o((1 — o) wE)/op(uV))' ™) | Pl gz
(3.2)

Proof. Taking account of (1.1), we have

HPHF(E) > HP,T VHF"(O,;;E) = HP,’i< VHF((]—O(),uE,,uE)> Y p(auE) P;f, y((1 —a) uE).
(3.3)

Hence (3.1) follows from (3.3) and (2.17). Similarly, (3.2) is a consequence
of (3.3) and (2.18). |

Following is a global version of the Nikolskii inequality for algebraic
polynomials in weighted spaces.
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CoRrROLLARY 3.1. Let Pe 2, ,, be a polynomial.

(a) For a convex body V and a WRI space F(V),

[Vl 4 1)2m -1
1P|l ey <8 <x/fF <f0 Wi(r) dr>> 1P| #v)- (34)

(b) For a bounded domain Q = R™ with the C*-boundary and a WRI
space F(£2),

1821,/ + 1)+ -1
1Pl < € (v WH© ) Pl (35)

(c) In particular, for 0 <p <gq < o0,

JIVlm/(n-H)Z”‘

0

1/9—1/p
1Pz, ym < 81_P/q< Wi(t) df) 1Pz, s (3.6)

|2],,/(n+1y"+1 1/9—1/p
IP1z, <€, Wi de) 1Pl e G)

Proof. We first prove (3.4). Putting a,, = (u¥) =1 [V + D pr+(¢) dx,
we have

p((1—o,) uV)=(1=(n+1)72") [V],,= (1= (n+1)72") (V).
Then using (3.1) for E=V and a =«,, we obtain

jIVIm/(n + 1)

—1
HP”C(V) <C, <¢F< W*(z) dT>> HPHF(V)s

0

where

B l+(n+1)~2 1+ (n+1)"1"
C”‘T"<1—(n+1)—2><<1—<n+1>—1> <e”

This yields (3.4). Equation (3.5) can be proved similarly if we use the corre-
sponding analogue of (3.2) for domains with C?-boundary that follows
from (2.22). Next, (3.6) and (3.7) follow from (3.4) and (3.5) respectively,
by the standard argument [47, p.236]: for A>0 and 0<p <g< oo,
IPlen KA NP, yor = IPllz, yon < IPISE IPIZY, o

<A Plg, Lo, (38)

This completes the proof of the corollary. |
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Estimate (3.6) was proved in [ 23] by using (2.3) and some L ,-inequalities
for the rearrangements of functions. Apparently this method is inapplicable to
(3.5). Recently a version of (3.6) was independently obtained in [31].

Note that (3.5) and (3.7) can be extended to a bounded domain satisfying
the cone property if we use the corresponding version of (2.18) (see
Remark 2.3).

We remark that Nikolskii-type inequalities (3.4), (3.5), (3.6), and (3.7)
are efficient for weights of power growth (see Examples 5.1, 5.2, and 5.4).
However, for some weights (in particular, for exponential weights) we need
more precise estimates (see Example 5.3).

COROLLARY 3.2. If Vis a convex body and F(V') is a WRI space, then
for a polynomial Pe %,

n,m»>

YV,
[Pl cvy <exp <H <1n Y <f0 W*(z) dr>, 4n>> 1P| #v)s (3.9)

where H(f(y),t)=inf, o 1) (ty — f(y)) is the Young-type transformation
of f-

In particular, for 0 <p <g< o0,

jyz'"mm

Pl o <exn (=i i (= [ W) dean ) 1P o

(3.10)

Proof. To prove (3.9), we first note that for o= (u¥) =" [3"In W*(1) de
and every ye (0, 1), o((1 —a) uV)/(uV)=1— y. Next, applying (3.2) for
E =1V, we obtain

YV,
[Pl c(ry S exp <4”y1/2m —Ing <£} W*(t) d7>> HPHF( 128

This yields (3.9). Then (3.10) follows from (3.8) and (3.9). ||

Recall that the estimates similar to (3.9) and (3.10) can be obtained for
bounded domains with the cone property or with the C?-boundary.
The following is a homogeneous version of the Nikolskii inequality.

COROLLARY 3.3. Let Q be a domain in R™ and let F(2) be a NWRI
space. If W satisfies the A, n)-condition on Q, where n is a family of convex
bodies V = Q, then for a polynomial Pe %, ,, and a convex body Ve,

IPllcon < CWrV) ™ IP] porys (3.11)

where C<4(2Cy(n)(1 —M)~")" and Cy(n) is defined in Definition 2.2.
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Proof. Using Corollary 2.4, we obtain
HPHF(V) = HP;k VHF(HV/Z,HV) = P;f, v(uV2) Yp(uV)2)
2 p(uV/2)(2C3) 7" [ Pll ey (3.12)
Since by (1.2), ¥ p(7/2) = (1/4) Y x(7), >0, (3.12) yields (3.11). |}

Finally, we obtain a weighted L, -version of (3.4) (a Schur-type inequality).

COROLLARY 3.4. Let Pe%,, be a polynomial and W a continuous
weight. Then

(a) For a convex body V,

1Pl con SBWEV ] (n+ 1) 72" " [ WP ¢y (3.13)
(b) For a bounded domain Q with C*boundary,

1Pl ey < COWE(IR], (n+ 1) ="+ D) 7Pl ) (3.14)

Proof. Relations (3.13) and (3.14) follow from (3.6) and (3.7), respec-
tively, if we replace W with W7 in (3.6) and (3.7) for ¢ = oo, take account
of (WP)*=W?*? and let p > 0. |

Remark 3.1. In 1919 Schur [3, 37, 45] established the estimates
1Pl c—1, 1y <min(m [|\/1 =5 P(x) | ¢(—1, 1y> (n+ 1) [XP(X) | c—1,1)s
Pe, .. (3.15)
Goetgheluck [25] noticed that, by Markov’s inequality,
IPle—iy<(m+D?[(1=x) P(X) -1y, PEZr,  (3.16)
and established [ 26, 27, 28] the generalized version of (3.15) and (3.16)
IPll o)< Cn? |WP @),  P€Z,,, 1<p<o, (3.17)

where the open bounded set 2 = R™ and a weight We L () satisfy certain
conditions, and the exponent d is effectively computable.

Note that for p = oo and the convex sets or the sets with C2-boundaries,
inequalities (3.13) or (3.14) are more general than (3.17) and give more
precise estimates for certain weights. For example, if '=[0, 1] and W(x)
= (In(e/x)) ~, then (3.13) yields

IPllco, 1y <8(1 +2In(n+ 1)) [Pl o, 1)-

The similar example can be constructed for a cube or a ball in R™.
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3.2. Trigonometric Polynomials

Throughout this section Cjs is the absolute constant in (2.30).

TuaeoreM 3.2. If F(0,2n) is a WRI space of 2n-periodic functions of a
single variable, then for Te 7,, E<(0,2x], |E|, >0, and any o€ (0, 1],

17l €0, 27) S (Y p(auE)) -t exp(Csn(2m — ((1 — o) uE))) || THF(E)a
@(UE) > 3m/2.

(3.18)

Proof. Taking account of (1.1) and (2.32), we obtain

HT”F(E) = ”T;k ”17*(0,,415) = HT,T Hﬁ((l—a)yE,yE) > p(ouE) T;f((l —a) pE)
=Y p(oukE) exp( — Csn(2n — o((1 — o) uE))) [Tl o, 27 |

Then (3.18) follows. ||

COROLLARY 3.5. For a WRI space F and a polynomial Te€ 7,

27/(n+1) —1
HTHC(O, zﬂ)SeanS <lpF <J‘0 W*(T) df>> HTHF(O, 27)»

27y
Il <enp (v ([ w401 de ). Con ) ) 1Tl 20

where H(f(y), x) is the transformation from Corollary 3.2. In particular, for
O0<p<g< oo,

27/(n+1) 1/9—1/q
22Cs(1 —
H THL(!, w0, 27) <e” o <j0 W*(T) dT> ” THLP, w(0,27)>

2ny
HTHLq (0, 27) S €XP <(1 —pl9) H <P1 an W*(z) dr, C5n>> ”THLp w(0,27) -
: 0 ,

COROLLARY 3.6. For a polynomial T e 7, and a weight We C(0, 2xn),
I Tl o, 22) < S(WH(2n/(n+ 1))~ | WT|| (0, 27) - (3.19)

The proofs of Corollaries 3.5 and 3.6 are similar to those of Corollaries
3.1, 3.2, and 3.3.

Remark 3.2. A Schur-type inequality

HT”LP(O, om) S Cn" | WTHLP(O, 21)» I<p<ow, Ted, (3.20)
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for the generalized Jacobi weight W(x)=T[T*_, |x —x;|%, «;>0, 1 <i<k,
and r=max; ¢; <, ®; was proved in [25]. Below we show (see Corollary
5.1(d)) that (3.20) follows from (3.19) for p = co.

4. AN ESTIMATE OF THE ERROR OF
LOCAL BEST APPROXIMATION

4.1. Statement of Main Results

Here we consider some applications of the homogeneous Nikolskii-type
inequality (see Corollary 3.3) to Jackson-type estimates in approximation
theory. We obtain an estimate of the error of best polynomial approximation
of a function in a weighted space via its local approximation characteristic.
As a corollary, we establish an inequality for the weighted rearrangement
of a function from a NWRI space.

To formulate the results, we shall need some definitions.

Let E(f, B, F) :=inf, 5 || f— gl r be the error of best approximation in
the metric of a normed space F of f € F by elements from a subspace B< F.
Let Qy:=[—1,1]™ be the cube in R”, and Q a subcube, that is a closed
cube in Q, that is homothetic to Q,.

DerINITION 4.1. A family of disjoint subcubes is called a packing. A pack-
ing 7, ={Q} with uQ=r, 0<t<uQ,, Qen,, is called a (u, 7)-packing.

Let F(Q,) be an NWRI space, 7, a (u, 7)-packing, and II,_,(7z,) the
class of all piecewise-polynomial functions g such that g|,€%,_, ,, for
each Qer,.

We define the local approximation characteristic of '€ F(Q,) by

o(f, 1) =o(f, M, _y(n(7,), F(Q))
:=SupE<ﬁ Hn—l(nz)’F< U Q>>’ 0<T</’£QO
. Qer,
Set w(f, 7) :=w(f, uQ,) for t>uQ,.

THEOREM 4.1. If W satisfies the A,,i)-condition on Q,, where k is a
family of all subcubes, then for an L-measurable E < Q, and any f € F(Q,),

w0 o f,7) de

E(f;p];[il’m,F(E))SC‘pF(ﬂE) e Yp(t) T

, (4.1)

where C is independent of f and E.
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The following corollary plays an important role in some areas of analysis
[4, 5, 20].

COROLLARY 4.1. If W satisfies the A,(x)-condition on Q,, then for any
feF(Qy), there exists Py e #,_,_,, such that

4uQ, ; d
(f=Po)s g (0<C| f;(f(;)); 0<i<u0y  (42)

The nonweighted versions of Theorem 4.1 and Corollary 4.1 in more
general settings were proved by Brudnyi [4, 5]. The author [20] estab-
lished (4.1) and (4.2) for packings 7, ={Q} with |Q|,, =7 and weights W
satisfying the condition inf, .o W(x)> C>0.

The proofs are the modification of those of Theorem 1 and Corollary 2 in
[5] and Lemma 2.1 in [20]. The proof of Theorem 4.1 is based on Corollary
3.3 and a new covering lemma for weighted measures (Lemma 4.2).

4.2. Covering Lemmas

LEmMmA 4.1. Let E be a bounded set in R™, and let for every x € E, there
exist a closed interval II(x) satisfying the condition: B,(x)<S/Il(x)<
B (X)), where B, (x) and B c,(x) are two balls centered at x and C>1
is a constant independent of x. Then a family {II(x)} . g contains a sequence
n={II(x;)} 7_, with the following properties:

(a) E<Ugs, Hxg);

(b) the multiplicity of the covering of points of R™ by n does not
exceed 0,(m, C);

(c) there exist packings n;, | <i<0,(m, C), such that n = Ufil ;.
The lemma is a special case of Morse’s theorem [29, 38].
The following weighted version of the covering lemma is trivial for m=1

or m>1, W(x)=1. However, the author could not find a short proof in
the general case.

Lemma 4.2. For a weight We L(Q,) and a fixed t€ (0, uQ,), there
exists a family 7= {Q} of subcubes with the following properties:
(a) wuQ=rt forall Qem;
(b) Qo= UQen 0,

(c) the multiplicity of the covering of points of R™ by n does not
exceed 05(m);

(d) there exist packings ©;, 1 <i<0,(m), such that == U?i1 ;.
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Proof. We construct first a special family of subcubes with properties
(a) and (b). Let Q,=A"u A", where A’ is a set of points from Q, such that
for each x € A’ there exists a subcube Q(x) = Q,, #Q =17, centered at x, and
A"=Qg—A. Setn'={0(x):xeA'}.

To select a subcube, covering a point x = (x4, ..., X,,,) € A", we shall need
a special polygon curve ¢(x). We assume first that x, > --- > x,,>0. Put

A;=(Xiy ooy Xi5 Xi4 15 s X)) ERT, 1<is<m; A4,,,.,=(0,..0).
Then the curve is defined by c(x)= )7, J;, where J; is a segment with
starting point 4; and ending point 4, ;, 1 <i<m. Note that J,=J,; ., if
X;=X;4, 1 <i<m.

The following properties of ¢(x) are valid.

(a) c¢(x) is a simple curve in Q, with starting point x and ending
point 0.

(b) There exists y = y(x) € ¢(x) such that a subcube Q(y) of the edge
length r(y)=2p(y, 0Q,) satisfies the condition uQ(y)=r1.

(c) The edge length [ of Q(y) is equal to 2 —2(tx,+ (1 —1) x,, 1),
where yeJ,, that is y=tA,+ (1 —1t) A, for some s, 1 <s<m and some
te[0,1].

(d) xeQ(y).

The curve is not self-intersecting since a jth coordinate of A; is a nonin-
creasing sequence of numbers for each fixed j, | < j<mand i=1, .. m+1.
Hence (a) follows.

Property (b) is a consequence of (a) and the Weierstrass theorem since
#Q(y) is a continuous function of y € ¢(x), uQ(A4,) =uQ(x) <t (we remind

that x e A”), and £Q(A,, ,1) =10(0) =0y >.
Property (c) is obvious while (d) follows from (c) and the relations

ngj_ngl/zz1_(txs+(l_t)xs+l)a

I1<j<s; x;=y;, s+l<j<m

It is easy to show that the curve c¢(x) with properties (a)—(d) can be
constructed for every xe Qy. Thus the family 7' U {Q(y); xe A"} satisfies
properties (a) and (b) of the lemma. However, we cannot apply the
Besicovich-type theorem [29] to this family since x could be located on or
near the boundary of Q(y) if xe A”. That is why we need a special family
of intervals that contain x € 4".
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Let xed”, x, = --- 2x,,20, and let y=tA4,+(1—1¢) 4, ,, by proper-
ties (b) and (c). Set u=u(x)=(1, .., 1, x;, ¢, ..., X,,). We define an interval
centered at u, by

Hu)={zeR": |z;—u;| <L, 1 <j<s; |z;—u;| <2, s + 1 < j<m},

where / is the edge length of Q(y), given in property (c). The following
properties of I1(u) hold.

(e) Q(y)=1I(u) N Q.
() xell(u).
(8) 12< plx, OM(u)) <max. . |x —z| <m"L

To prove property (e), we first note that
=(/2,..,12,0,..,0). (4.3)

Hence ue Q(y) and for every ze Q(y), |u;—z;|=|y;—z;| <I/2, s+1<j
<m. Then it follows from (4.3) that |u;—z;|<|u;— y;|+|y;—z| </,
1 < j<s. Therefore, Q(y) < (u) N Q.

It remains to show that if ze II(u) — Q(y), then z¢ Q,. Indeed, taking
account of (4.3) we obtain that the inequalities |u; —z;| </, |z;— y;| > /2, are
equivalent to u;<z;</+u;, for each fixed j, 1 <j<s. Hence z¢Q,, and
property (e) follows. Next, note that (f) is an easy consequence of (d) and (e).

Further, the upper estimate in property (g) immediately follows from (f)
and the definition of I1(u).

To establish the lower estimate, we consider two (m — 1)-dimensional
faces G_; and G, ; of II(u) that are orthogonal to the jth coordinate axis,
1<j<m. If 1< j<s, then by (c),

P, Gy == (14D = 1 +1—x,>1,
px. G = xy— (1 =D =x;— (xg+ (1= 1) x, ) H 223~ x,+ 122 )2
It is clear that for s+ 1< j<m,

p(x, G yj)=x;—(x;£1/2)| =12

This proves the lower estimate in (g). The property is established.

Thus properties (b), (d), (e), (f), and (g) show that for every xe 4"
satisfying the condition x; > --- > x,, >0, there exist a subcube Q(y) < Q,
and an interval /1(u) such that

nQ(y)=t,  xeQ(y), xell(u),  Q(y)=I(u)n Qo,

(4.4)
Bp(x) = (u) = B,,12/(x)

for some /=1/(x)>0. It is easy to show that (4.4) holds for every xe A4”".



98 MICHAEL 1. GANZBURG

Set " = {II(u(x)): xe A"} and n*=n"Un". Next, (44) shows that for
every x € Q,, there exists a cube or an interval from z*, satisfying the
condition of Lemma 4.1 for C<2m'?. Applying now Lemma 4.1, we obtain
a family n** = {II, IT,, ...} of subcubes and intervals, satisfying properties
(a), (b), and (c) of Lemma 4.1. Then 7= {II, n Qq, I1, N Qy, ...} satisfies
all properties of Lemma 4.2. ||

4.3. Proofs

Proof of Theorem 4.1. Let n={Q} be a family of subcubes with
properties (a), (b), (c), and (d) from Lemma 4.2. According to properties
(a) and (d) there exist (u, 7)-packings z;, 1 <i<6,, such that 7= Uf‘;l ;.
Next, let Py e#,_, ,, be a polynomial of best approximation to f'in F(Q,),
and h; ell,_,(x;) a piecewise polynomial function that deviates least from
fin F(L,), where Q,:= UQen,. 0, 1<i<,.

We define 7,(x):=0 for xe Qy—Q;, 1 <i<0,, and let y:=%%  yo.
Property (b) of Lemma 4.2 shows that 1< y(x)<0,. We set 1= (1/y) x
?4= 1 hiXQi'

Then for any L-measurable E < Q,, we choose 7=uFE and obtain

E(f, 21, FIE) S| S = Poll oy < | f = hll sy + |h— Poll sy (45)

Next, by the definition of w( f, ) and 4,

04

Hf_hHF(E) < Hf_hHF(QO) < Z If—h; HF(.Qi) < Col(f, uE). (4.6)

i=1

Similarly,
2
17— Pyl ey <Y p(WE) sup [h— Po| < p(UE) ), sup |h;— P (4.7)
9 i=1 £
To estimate
sup |h;— Py| =max Hhi_POHC(Q)9 1<i<l,, (4.8)
Q. Qe;

i

it suffices to bound I = ||, — Py|| (o) from above for every Qem;, 1 <i<0,.

For the given Qen, 1 <i<8,, uQ =ukE, we first define subcubes Q, such
that uQ, =2%""uE, 1 <s<sp, and 0=0, €0, _1 < <01 < Oy,
where 5o = [log, (uQo/1E)] + 1.
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Next, let P;e#, , , be the polynomial that deviates least from f in
F(Q,), 1 <s<s,. Then

so—1

lhi=Pollcioy < 1hi— Pyl co+ X 1Psy—s—Py—s—1llcio, - (4.9)

s=0

Further, h;|p €%, . , and W satisfies the 4(x)-condition on Q,, hence
applying Corollary 3.3 to polynomials /;[,— P, and P, _,—P
1 <s<sy—1, we obtain from (4.9)

s so—s—1>

h—P S0—1P7_P77
|h,'P0|C(Q)<C<| i sOHF(Q) H So—S So—S 1|F(QS().\‘)>

VB 5, Vo (2UE)
< C<|f_ hiHF(Ql-) +f—= PSOHF(Q)
Y p(LE)
+S°71 If— Pso—s‘|F(Q507x) + /= Pso—s—1|F(QSOSI)>
520 Y p(2°1E)
= o(f,2°*'uE)
C@ ) (+10)

Combining (4.5), (4.6), (4.7), (4.8), (4.10) and using (1.2), we have

B2 1. FUE) < CU () OZ (f(zzﬂf)

4uQq d
chvn [

This yields (4.1). 1

Proof of Corollary 4.1. Let P, be the polynomial of best approximation
to fin F(Q,). For a given 1€(0, uQ0], set E={x€e€ Qy: |(f — Po)(x)| =

(f=Po)s o, (1)}. Then pE=t and | f—Polruz =Y r(t)(f—Po)y g, (1)
Thus (4.2) follows from (4.1). ||

5. EXAMPLES

5.1. A Generalized Jacobi Weight

Let V=[a,b] and let W(x)=[1%_, |x —x;|% be a generalized Jacobi
weight [3, 18, 25], where x; e R', ;> 0, and x, #x;, if i # j, 1 <i, j<k.
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THeOREM 5.1. (a) If x;€[a,b], 1 <i<k, then for every te (0, uV],
Cot! < Wy 5(7) < Gy, (5.1)

where d=max, ., «; and Cg, C; are constants independent of t.

(b) W satisfies the A,,-condition on R! for every Me(0,1) and
Co < (4/M)Y, where N=3%_, a,.

To prove the theorem, we shall need a limit version of the Remez inequality
for W.

LemMmA 5.1. If x;e€[a,b], 1 <i<k, then the following relations hold

CeH(W) <liminf ¢ ~4W, ,q(1) <limsup t =W}, (1) S CoH(W),  (5.2)

=0 t—0

where d=max, <, o;, Cg=1/max(1, (2k)?~"), Coy=max(1, (2k)?~"), and
for 1< j<k,

k k -1
H( W):<Z 5]'3/]' n |xi_xj|_ai> 5
j=1

i=1,i%j

0. =

J

1, (x;—a)(x;—b)=0 _ 0, a;<d
2’ xje(a’ b): yj_ 1, (ijd

Proof. We may assume that a <x; < --- <x,<b. If ¢ is small enough,
then for every x; € (a, b), there exist two numbers y;~ and y;" such that y~
<x;<y;", Wy;)=W(y;") = W{, »(t) and W is decreasing on [y, x;]
and increasing on [ x;, y;"]. The corresponding one-side conditions hold if
x;=a or (and) x; =b. Further

k-1
t=e(x;—y)+eyd —xo)+ Y (v =y + (i —x) + (e —yi)s
j=2
where ¢, = (1)’ 2:: and ¢, = (1)’ z’;: Hence

i i ~994(0) > Cy lim /(7200031 = 7))+ o2/ W HO/(f = 30))
k—1
£ X O —x)

j=1

k —1
X V0P — ) (53)

j=2



WEIGHTED POLYNOMIAL INEQUALITIES 101

Next,
N 00, O(j<d
lim ————= lm ———— = ad
tao(yj —xj) v; ij(yj —Xj) l_[ |xj_xi Ott" O(jzd.
i=1,i%j
(5.4)

It is easy to verify that the similar relations hold for all terms in (5.3). Thus
the lower estimate in (5.2) follows from (5.3) and (5.4). Similarly the upper
estimate. ||

Proof of Theorem 5.1. Note first that (5.1) immediately follows from
Lemma 5.1. To prove statement (b), we apply a Remez-type inequality
(2.16) to the generalized polynomial W of degree N=3Y*_, «,. It implies

W cta, 5 <22M((b—a)/|EID)Y | W]l ey (5.5)

for a set Ec[a,b], |E|,>0. Setting E={xe[a,b]: W(x)< W, ,(1)},
0<t<b—a, we obtain |E|; =1t and || W| ¢z = W, »(1). Then (5.5) yields

Wi, pi(b—a)/ Wi, (1) = || WHC(a,b)/WE‘a,b](t)<22N((b_a)/t)N' (5.6)
Thus (5.6) shows that for every M e (0, 1),

sup Wi, p(M(b—a))<2*"M 7.

—w<a<b<w

This completes the proof of the theorem. |

The following corollary is a consequence of Corollaries 3.1, 3.5, 3.6 and
Theorems 2.2, 5.1.

COROLLARY 5.1. (a) If Wis a generalized Jacobi weight and F(a, b) a
WRI space, then for a polynomial Pe 2, |,

HP”C(a, RS C(Yr((b—a) n_z(d+1)))_l HPHF(a, b)»

where d =max, .;<; «;.
In particular, for 0 <p<g< oo,

HPHL% b S Cp2d+1)(1/p—1/g) HPHLB @) (5.7)

(b) For an interval V=1[a,b], a polynomial Pe?, , and a set
Eg[anb]a |E|l>03

k
HPHC(a,b)<21+2i:'ui(ﬂV//1E)n 1Pl oy
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(c) For a trigonometric polynomial T e 7, and a WRI space F(0, 2x),

1T ceo, 22y < C(Y (270 =) T'|| £0, 27)-
In particular, for 0 <p <q< oo,

< Cpd+b0/p=1/g) ” THL

1Tz, 110,20 )

w(0, 27)

(d) For TeZ,,
17l €0, 2m) S Cn? [WT| (0, 27)*

Note that the constant C in Corollary 5.1 is independent of n, P, and T.
An L,-version of Corollary 5.1(d) was obtained in [25].
5.2. A Jacobi Weight

Let V=[—1,1] and W(x)=w, g(x)=(1—x)*(1+x)? where a>0,
f>0. It is easy to compute w} 4(z) and ¢(¢) for some « and B. For
example,

wio(D) =wi (1) =14 @()/p(us0)=1—(1—1(1+7) 27 FH)VI+D,
wi (1) =4""H4 —1)%,
where 1> 0 and p, g=puV=2**""*1I(1+o) [(1+p)(I(a+f+2))""
For any >0 and >0, we can give only some estimates of w; ; and

obtain certain polynomial inequalities for Pe #, ,,, by Theorem 5.1(a) and
Corollaries 3.1 and 3.4(a),

CIOTmax(a, B < W:’ ﬁ(r) < Cll Tmax(oc, ﬂ)’

CpPmax@ A+ 0Wp=V | p|| (5.8)

P> Wa, B

HPHC(—1,1)< Cn? ™ F) Hwoc,/iPHC(—l, 1. (5.9)

<
HPHLMM(AJ)\

Note that a more general version of (5.8) was established by Daugavet and
Rafalson [13], while (5.9) in a more general setting was obtained by
Goetgheluck [25].

5.3. An Exponential Weight
Let V=[0,1], W(x)=x"exp(—x"%), where 4>0 and «> 0.
COROLLARY 5.2. (a) For PeZ, , and p >0,
HP”C(O 1 < Cn2(/1+oc+l)/(2a+l)p

x exp(Cyp(a) P_l/(2“+ Dp2e/Cx+ 1)) 1P . (0, 1) (5.10)

.
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(b)  The inequality (P cw, 5 < CUVILE)" ||P| g does not hold for
all polynomials Pe 2, ,, all intervals [a,b] = [0, 1], and all L-measurable
sets Ec[a,b], |E|;>0.

Proof. First we need some technical estimates. It is clear that W, 14(7)
= W(r). Next, using the known asymptotic relation [ 10, p. 14], we obtain
2

Jy W(z)dr=o""y?****Dexp(— p=2)(1+0(y*)),  y—0. (511)

0

Hence

exp <H <p‘1 In Ly

y(z) —1/p
j W(t) dr> exp(4ny,)
0

2

Wi, 11(t) dx, 4n>>

< Cn2(1+oc+ 1)/(2e+1) p exp( C12(°‘) pfl/(2a+ l)nla/(2m+ 1))’ (512)

where y,= (2np/a) ==+ and H(f, t) is defined in Corollary 3.2. Thus,
(5.10) follows from (3.10) and (5.12).
Further W does not satisfy the 4,,-condition on (0, 1). Indeed,

Co= sup Wla+1)/Wa+Mr)= sup W(t)/W(Mz)= w0 (5.13)

a,7e[0,1] 7€(0,1)

for any M € (0, 1). Thus statement (b) follows from (5.13), Remark 2.4, and
Theorem 2.2(c). |

Nikolskii-type inequalities of the form || WP L(-11) <a(n) |WP| L(—11)
where W(x)=exp(— Q(x)) is an exponential weight, were established by
Lubinsky and Saff [ 36, 44].

Remark 5.1. Corollary 3.2 is more efficient for the exponential weight
than Corollary 3.1 since the application of (3.4) and (5.11) to this weight
one gives the estimate [P ¢, 1)< Cn***** /7 exp(n®/p) 1Pz, ,0.1) With
the less precise constant than in (5.10).

54. A Generalized Gegenbauer—Timan Weight in R™

Let V=00=[—1,11" W(x)= W, g u(x) = (p(x, D)* (p(x, [) +n=>")",
where >0, >0 and I'c Q, is an s-dimensional surface of class C',
0<s<m—1. For I'={—1,1}, W,,, is equivalent to the Gegenbauer
weight w, ,, and W, ;4 is equivalent to (\/1 — x>+ 1/n)?. The latter has
become very popular in approximation theory after Timan and Dzyadyk
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[ 16, 47]. Various weighted estimates for polynomials, including Nikolskii-
type inequalities, were proved for W, , ; in [13, 33], for W, 4, in [14, 33],
for Wy g > I'=09, in [11, 12], and for W, 4 ,,, I'=0V, in [23].

THEOREM 5.2. (a) For every 1€ (0, uQ],

T(“‘*’ﬂ)/(m—s)’ 0<,L.<n—2m(m—s)

Wh(o) = C{ (5.14)

_L.oc/(m 7s)n 72m[7” T 2 n —2m(m — s)'

(b) W, o.m satisfies the A,,(x)-condition on Q, for every Me (0, 1),
where i is a family of all subcubes in Q, (that is the closed cubes in Q, which
are homothetic to Q).

To prove the theorem, we shall need three geometric lemmas.

LeMMA 5.2. Let I'=R™ be a compact s-dimensional surface of class C',
0<s<m—1, and let Q(xy) be a cube in R™ with the following properties:
xo €I Q(xq) is homothetic to Qq; and |Q(xy)|,,=1", where 0 <t <d(I).
Then the following relations hold

£<|0(xo) " T'|,<C(T) £ (5.15)

Proof. We note first that for each x e I" there exists a cube Q(x, I') in
R™ with the edge length r=r(x)>0 satisfying the following properties:
QO(x, I') is homothetic to Q, and centered at x, and there is an s-dimen-
sional face of Q(x,I') (denote it by Q®(x)) such that the projection
2. 0(x, I nI'— Q¥(x) is a diffeomorphism. Without loss of generality
we may assume that Q(x, I') n I" in a neighbourhood of x is determined by
the equations x;= f;(x,, .., x,), where f;, s + 1 <i<m, are smooth functions
and x® =(x,, ..., x,) € Q¥(x). Then [Q(x, I')NI'|,=[p0 |2/ (x*)] dx®,
where 2’| (the modulus of the derivative of 2) is continuous on Q‘)(x)
[46, p. 327]. Hence

1<|2'(x¥)| < C(x) < o, x99 e 0¥ (x). (5.16)

Next, a family {Q,2(x)} .., is a covering of I, and it is possible to choose
a finite subcovering {Q,j/z(xj)} - Set

S(r)= min r,/2, C(I= max C(x). (5.17)

1<j<N 1<j<N

Let Q(x,) satisfy the properties of the lemma. Then there exists a cube
Q,j/z(xf) from the subcovering such that Q,j/z(xj) N O(x,) # &. Hence
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0O(x,) € 0, (x7), by (5.17). Moreover, |Q(x0)mF|S=jQ<:)(xO) |2 (x| dx'®,
where O®(x,) is an s-dimensional subcube of Q,j(xj) with the edge
length ¢. Thus (5.15) follows from (5.16) and (5.17). |

LEMMA 5.3. Let n={Q/x;)} be a sequence of cubes in R™ with the edge
length t such that the multiplicity of the covering of each point of R™ by the
cubes from © does not exceed N. Then the multiplicity of the covering of
points of R™ by the family n(y)=1{0,,x;)}, where y>1, does not exceed
(y+1D)mQ2m Y (N—1)+1).

Proof. 1t follows from a result of Brudnyi and Kotlyar [8] that = can
be represented in the form 7 = ()%, n;, where L=2""'(N—1)+1 and =,,
1 <I< L, are packings (see Definition 4.1).

It is easy to show that if a point x € R™ belongs to N, cubes Q,,(y;) from
m,(y), then each of these cubes Q,(y,) is a subset of Q, , 1) (x). Taking into
accout that they are mutually disjoint, we obtain N,<(y+ 1)” (note that
the estimate N, <(2y)” was established in [5]). Thus the multiplicity of the
covering by the cubes from 7(y) does not exceed >/, N,<(y+1)" L. 1|

LEMMA 5.4. Let I'cR™ be a compact s-dimensional surface of class C',
0<s<m—1, and let I'y)=T+ Q,(0)=U,ecrQux), u>0. If O(x,) is a
cube that satisfies all the properties of Lemma 5.2, then

10(x0) Nyl <CPu™ =%, 0<t,u<4/m, (5.18)

where C is a constant independent of t, u, and x,.

Proof. First, by applying Besicovich’s covering lemma (a special case of
Lemma4.1 for I1(x)=Q,(x) [29]) to a family {Q,x)} .., We can
choose a subfamily {Q,(x;)} that covers I', and the multiplicity of the
covering of points of R™ by the subfamily does not exceed 05(m). It is easy
to verify that (); Q,(x;) =T, S U; Qa.(x)).

Next, Lemma 5.3 shows that the multiplicity of the covering of points of
R™ by n={0,,(x;)} does not exceed O¢(m). Hence, by [8], n=U;_, 7,
where 7;, 1 <i< N = N(m), are packings.

Then for every Q,(x,), xo€l, 0<t<d(I"), where 6(I") is the constant
from Lemma 5.2, we obtain

2
z

10Ux0) N Tyl < > 10", < (2u)™ Y ki (5.19)

i=1 Qem, Q/(x)NQ #I& i=1
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where k,=dim{Q'en,;: O(x,) N Q' # <}, 1 <i<N. Further, it follows
from Lemma 5.2 that for 0 <u, t <J(1I),

|Qdx0) "I, <CF, Q"N T[> (2u)" (5.20)

Taking into account that each 7; is a family of mutually disjoint cubes, we
obtain from (5.20)

k; <|Qx¢)n I|y/min |Q' N T, < C(t/u)’, I<i<N. (5.21)
Q'emn;
Therefore, (5.19) and (5.21) yield (5.18) for 0 <u, t <J6(I"). Thus the lemma
follows. ||

Proof of Theorem 5.2. First we prove statement (b). Let Q be a sub-

cube of Q, with the edge lenth re(0,1]. If p(Q, I')>t./m, then for
W(x)=(p(x, I'))* and every M (0, 1), we have

WE(E™)WH(Mt™) < mag W(x)/mirQ1 W(x)

<((p(Q, 1) +/m1)/p(Q, I'))* <27 (5.22)

Letnow 0<p(Q, I') < ﬂ 2. Then there exists x, € I"such that Q = Q4 /5 (Xo)-
Next, taking account of Lemma 5.4, we obtain

HxeQ:(p(x, I)*<ub |y <Hx € Q4 s dXo) : p(x, I) <u'*} 1,
<1Q4 s dx0) O Tl < Crou™ =9 (5.23)
This implies
W) = C(xt =)=, 7€(0, ™). (5.24)
Further taking account of (5.24), we obtain for every M (0, 1),
WH(E™)WEM™) < C(4/m t)™/ (M™% =9 < C. (5.25)

Therefore statement (b) follows from (5.22), (5.25), and Definition 2.2.
To prove statement (a), we need the following relations

[{xe Qo (p(x, 1)) (p(x, I) +n>"F <ull,,
=[{x€Qy: (p(x, ")+  +n=2"(p(x, I)F <u'P}|,,

<{xeQy:px, I <u*PY| +1{xeQy: p(x, I') <u'n®>"P=y|,,.
(5.26)
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Applying (5.23) to Q =Q,, we obtain from (5.26)

{x€Q0: Wy gl X) St} ],y < C(um = FE) gy m =)o 2mim =) B

- u(mfs)/(ochﬂ)’ 0<u<n*2m(“+ﬂ)
= ¢ u(mfs)/zxn2m(m7s) [7’/01’ u> n72m(oc+/)’)‘
(527)

Then (5.27) yields (5.14). |

COROLLARY 5.3. (a) If F(Qy) is a WRI space, then for a polynomial
Pe?,, and J.=2m((a +m—s)/(m—s)+pf),

HPHC(Q0)< C‘/jF(nl) HPHF(QO)' (5.28)
In particular, for 0 <p <g< o0,

1Pl < en® VPV | Pl

P Wa, B, m

()" (5.29)

a subcube Q < Q,, a polynomial Pe 2, ,,, and a

0 W g (@0

(b) For W=W,
set E€Q, |E|,,>0,

, 0, m>

HPHC(Q)< C(uV/uE)" HP”C(E)~

Proof. Note first that statement (b) immediately follows from Theorems
52(b) and 2.2(b). Next, (5.14) implies |7 ™" Wi g u(7) dt = Cn~* Together
with Corollary 3.1(a) and (c), this yields (5.28) and (5.29). |}

Inequality (5.29) for Q,, replaced by a convex body V, and I'=0V,
s=m—1 (that is A=2m(a+ 1)+ f), was established in [23]. For more
general sets 2, the weight W, ,, and I'=0Q, s=m—1, (5.29) was proved
in [11, 12]. The one-dimensional analogues of (5.29) for W, ,,; and
Wo 1, I'={—1,1}, s=0, were obtained in [13, 14].
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